We study the collective radiative decay of a system of two two-level emitters coupled to a onedimensional waveguide in a regime where their separation is comparable to the coherence length of a spontaneously emitted photon. The electromagnetic field propagating in the cavity-like geometry formed by the emitters exerts a retarded backaction on the system leading to strongly non-Markovian dynamics. The collective spontaneous emission rate of the emitters exhibits an enhancement or inhibition beyond the usual Dicke super-and sub-radiance due to a self-consistent coherent timedelayed feedback.
Introduction.-Long-distance interactions are a central aspect of quantum information processing in large-scale photonic networks [1] [2] [3] [4] . When the separations between emitters become comparable to the coherence length of the photons mediating their interaction, interference effects associated with the phase properties of the electromagnetic (EM) field can be modified by the retardation of the field wavepackets due to the finite speed of light. In such cases, the backaction of the EM field on the emitters leads to a coherent time-delayed feedback on the system dynamics [5, 6] , thus rendering it non-Markovian [7] [8] [9] [10] .
Non-Markovian open system dynamics is vastly richer than the more familiar Markovian regime. It can have a variety of physical origins such as structured bath spectral densities, strong system-bath couplings, low temperatures, or initial system-bath correlations among others [8, 9, [11] [12] [13] [14] . Delay-induced non-Markovian dynamics has been previously studied in the context of the spontaneous emission of single atoms [4, 15, [17] [18] [19] [20] [21] [22] [23] , bound states in continuum (BIC) of the EM field [24] [25] [26] [27] , and entanglement generation in emitters coupled to waveguides [4, 28] . The effects of non-Markovianity have also been investigated in collective atomic states in the context of structured reservoirs [29] [30] [31] [32] [33] and in the strongcoupling regime [34] . However, the non-Markovian dynamics emerging from retardation effects in macroscopically delocalized collective systems is yet unexplored.
In this letter we study the collective radiative dynamics of a pair of macroscopically separated emitters and show that it exhibits non-Markovian features caused by a self-consistent coherent time-delayed feedback. We specifically consider situations where the emitters are prepared in a super-or sub-radiant collective electronic state, and present an exact analytical solution of the nonequilibrium dynamics of the collective spontaneous emission. We demonstrate that the retarded backaction of the EM field on the emitters can lead to a further enhanced (inhibited) spontaneous emission rate for superradiant (subradiant) states beyond the usual Dicke superradiance (subradiance) [35, 36] .
We consider the model system depicted in Fig. 1 , where two two-level emitters coupled to a waveguide are separated by a distance d comparable to the coherence length ∼ v g /γ of a spontaneously emitted photon, with v g being the group velocity of the field and γ the spontaneous emission rate of the individual emitters. To gain an intuitive understanding of the non-Markovian nature of this system, consider the following apparent "superradiance paradox:" Assume that the distance d between two emitters prepared in a superradiant state is smaller than the coherence length of an independently emitted photon, but larger than that of a superradiant photon,
Given that superradiance is an interference effect, one would expect to observe superradiant emission if there is no way to distinguish which atom emitted the field [37] . Now if the emitters radiate collectively, with an emission rate 2γ, then the coher-FIG. 1. Two two-level emitters prepared in a collective state coupled to an optical waveguide. The emitters are located at positions x1,2 = ±d/2, with d comparable to the coherence length ∼ vg/γ. The rates γ3D and γ1D refer to the emitter spontaneous emission rates into free space and guided modes respectively. The mode operatorsâ(ω) andb(ω) refer to annihilation operators for the right-and left-propagating waveguide modes respectively. ence length of the emitted photons (v g /(2γ)) is too short to allow for the fields radiated by the two emitters to interfere, suggesting that they should have emitted independently. On the other hand, if we assume that they do emit independently, then the coherence length of the emitted photons (v g /γ) is long enough that there should be interference and as a result the emitters should emit at the superradiant rate of 2γ instead. This seeming paradox points to the failure of the Markov approximation: the conventional notion of an exponential decay defining the photon coherence length is no longer valid, and it is necessary instead to consider a full non-Markovian treatment of the system dynamics.
Formal development.-We proceed by making the electric-dipole and rotating-wave approximations and expressing the emitters-field interaction Hamiltonian in the interaction picture as
where x 1 = +d/2 and is the creation operator of an excitation in the m th emitter,â (ω) andb (ω) correspond to the annihilation operators for the right-and left-propagating field modes of the waveguide respectively, and g(ω) is the atom-field coupling strength. To isolate the non-Markovian behavior due to the retarded backaction of the field on the emitters from that due to a possibly structured reservoir, we assume a flat spectral density of the field modes around the resonance of the emitters such that g (ω) ≈ g (ω 0 ).
Assuming that the total emitters plus field system is initially prepared in the single-excitation manifold, and considering that the Hamiltonian preserves the total number of excitations, the state at time t > 0 is
where c m and c a,b (ω) are the excitation amplitudes for the m th emitter and the guided field modes with frequency ω respectively, and |g, g, {0} is the ground state of the total system, with |{0} the field vacuum state. Tracing out the field modes allows one to express the evolution of the excitation amplitudes of the m-th emitter in terms of the coupled delay differential equations [38] 
for m = n, where φ p ≡ k 0 d = 2pπ is the field phase difference upon propagation, which we assume to be an integer multiple of 2π (p ∈ I), γ ≡ γ 1D + γ 3D is the total spontaneous emission rate, and γ 1D = βγ ≡ 4π |g (ω 0 )| 2 is the spontaneous emission rate into the waveguide, with β the coupling efficiency of the emitters to the waveguide. The first term in Eq. (3) stands for the independent decay of the individual emitters, while the second term represents the retarded backaction of the other emitter via the field with a delay t = d/v g .
For emitters initially in the super-or sub-radiant states Ψsup
, one can write the Laplace
wheres ≡ s/γ and η ≡ dγ/v g is the separation between the emitters normalized by the photon coherence length.
andc sub =c
are the Laplace space atomic probability amplitudes for the super-and sub-radiant cases respectively. These expressions yield the familiar results in the two limits when the emitters are either coincident or infinitely far apart [41] .
Consider next the case where the emitters are slightly separated, η 1. We find then, up to linear terms in η
which yields an effective spontaneous emission rate
For a small but finite delay 0 < η 1, this can potentially exceed the usual Dicke superradiant emission rate of 2γ for β = 1. Also, for a subradiant state with an imperfect coupling (β < 1), the effective decay for slightly separated emitters can be slower than that for coincident ones. This somewhat surprising enhancement and inhibition of the collective spontaneous emission can be attributed to a constructive or destructive interference in the stimulated emission as the field emitted from one of the atoms interferes with that being emitted from the other [40] . The amount of enhancement and inhibition is a function of the separation between emitters in addition to the phase difference, a result of the the influence of retardation on the interference phenomenon.
We now consider the general case of arbitrarily separated emitters, for which we present an exact analytical solution of the equations of motion (3) based on a welldeveloped mathematical treatment of delay differential equations (see [1] and the Supplemental Material (SM) [45] for details). The general expression for the excitation amplitudes of the emitters is , and collectively afterwards. For the critical separation η ≈ ηc ≈ 0.56, we observe an instantaneous superradiant spontaneous emission rate of γinst ≈ 4.59γ. With finite delay it is possible to reach the ground state faster than regular Dicke superradiance (η = 0), as seen from the red dashed-dotted (η = 0.25) and yellow dashed curves (η = 0.56) crossing the blue solid one (η = 0). Though, the 1/e value of the initial emitters excitation probability is reached first for a coincident pair of emitters (depicted by the gray horizontal dashed-dotted line). In the subradiant case the emitter excitation probability reaches the asymptotic value 2 |c sub (∞)
where α
η/2 −1 and the effective decay rate γ
th branch of the Lambert W -function, which is commonly used to describe systems that exhibit timedelayed feedback [1, 38] . We now discuss the consequences of this analytical solution, which is the main result of this work.
Results.-Consider first the dynamics of a superradiant initial state. From Eq. (8) 
tion amplitudes exhibit oscillations as the atoms decay to their ground state. These can be understood in terms of a field wavepacket bouncing back and forth between the emitters [2, 45] . For β = 1 this occurs for separations d 0.56v g /γ, as shown in Fig 2. For separations η < η c the emitters radiate independently until a time γt = η and collectively afterwards, with an instantaneous decay rate given by
For a given value of β, this rate reaches a maximum γ max inst when the normalized emitter separation equals its critical value η = η c , with γ
(1/(eβ)) , as shown in Fig. 3 . In the absence of losses and for perfect emitterwaveguide coupling efficiency (β = 1) the maximum instantaneous spontaneous emission rate is γ max inst /γ ≈ 4.59, in stark contrast with superradiant emission in Markovian systems, where constructive interference between the emitters allows them to radiate at most at twice the power of a single emitter.
The situation is rather different in the case of a subradiant initial state. In the presence of a lossless waveguide, β = 1, the steady state of the dynamics corresponds to a bound state in the continuum (BIC), as previously discussed in Ref. [26] . It can be shown that the probability of reaching the BIC starting initially in the subradiant state of the atoms is given by | Ψ (t → ∞) |Ψ BIC | 2 = 1/ (1 + η/2) [46] . Noting that for the BIC state the probability with which the emitters are excited is (1/(1 + η/2)) [26] , thus one obtains the total probability of the emitters being excited in the steady state as c It is also instructive to explore the cooperative nature of the atom-field dynamics from the perspective of the emitted field intensity I (x, t) ∝
, where the electric field
and |Ψ(t) the state of the system (see [45] for details). Fig. 4 shows that the fields emitted by the two emitters in the superradiant (subradiant) case interfere constructively (destructively) when the light cones of the two emitters reach each other. Thereafter, depending on their relative phase they produce an interference pattern that is either constructive, leading to a collective 'superduperradiant' burst with an instantaneous emission rate greater than 2γ, or destructive, resulting in the a perfect reflection of the field into the optical cavity created by the two atoms. An important figure of merit of the system is its cooperativity C ≡ γ in /γ 3D [47] , such that
is the fraction of the field emitted into the waveguide and γ 3D = γ(1 − β) is the fraction of the field that escapes out to the nonguided modes [48] . In terms of the total emission into the waveguide for the super and subradiant states this parameter takes the form [45] Csup (10) It can be seen from the above expression that for η > 0, the cooperativity for a superradiant state is reduced compared to that of coincident emitters (η = 0) as the total collective emission into the guided modes decreases with the emitter separation. In contrast, for an antisymmetric state we find an enhanced emission into the waveguide as η is increased. This is due to the emission of the field into guided modes by the individual emitters until γt = η, before they start acting collectively (see Fig. 4 (b) ). This shows that the emitters separation enters as an important parameter in determining the cooperativity for a system of distributed emitters and can potentially significantly limit it.
Summary and outlook.-Summarizing, we have shown that the collective radiative decay of two emitters trapped along a one-dimensional waveguide separated by a distance comparable to the coherence length of a spontaneously emitted photon is subject to non-Markovian modifications due to the time-delayed backaction of the electromagnetic field upon the emitters. In case they are prepared in a superradiant initial state they can exhibit time-dependent decay rates that can instantaneously surpass the standard Dicke superradiance rate. The system also allows for the existence of long-lived subradiant states characterized by an atomic bound state in the field trapped in the region between the emitters. These effects can be understood as a combination of Dicke super-or subradiance and a retardation of the field wavepacket where the electromagnetic field senses its boundary conditions with a significant delay.
A key parameter in the characterization of the nonMarkovian dynamics is the emitter separation relative to the photon coherence length η ≡ dγ/v g . It captures the combined physical origin of non-Markovian behavior, as an appreciable value of η can be achieved by increasing the emitter separation d, but also by increasing the system-environment coupling as in [28] or by exploiting slow group velocities achievable in the presence of a band gap or near a band edge [33] . Importantly, as η is increased to near or past η ∼ 1 the description of the system dynamics requires keeping track of field correlation functions of increasing order.
Experimental observations of these effects could be realized across a number of platforms, including quantum dots in photonic waveguides [6] , atoms near optical nano-fibers [5, 50, 51] , superconducting qubits coupled by coplanar waveguides [7, 8] , and molecules coupled to waveguides [55, 56] . Table I in the SM [45] summarizes the relevant experimental parameters accessible so far and estimates of the distances required in these setups. Given the rapid experimental progress in all these platforms, the retarded collective effects studied here can become relevant in a near future.
Given that the enhancement in the retarded collective decay of two emitters relies on a pairwise time-delayed feedback, it will be interesting to determine the scaling of these effects with the number of emitters N when there are ∼ N 2 such pairs. Also, we note that there can be classical analogs of such retarded collective effects as similar dynamics can be realized in a system of linear oscillators [57] . It would be then interesting to extend the present dynamics from the single-excitation case considered here to multiple excitations, where one can observe genuinely quantum non-Markovian effects. 
Supplemental Material

SOLUTION TO THE DYNAMICS USING LAMBERT W -FUNCTIONS
From taking an inverse Laplace transform of equations (4) and (5) 
The pole of the denominator is determined by the characteristic equatioñ
where we have introducedz ≡z − i/2 in the intermediate step.
Here W (z) is the Lambert W -function, or more precisely a set of functions W n (z) comprising the n branches of the inverse relation of the function f (z) = ze z , where z is a complex number. In other words
, and W n (x) is its n-th branch [S1] . For a given value of β there is a critical distance between the atoms defined by β ηc 2 e ηc/2 = 1/e, or η c = 2W 0 (1/eβ) , such that for η > η c the dominant pole contributions fromz 0 acquire a real component, leading to oscillatory dynamics. We can now write the Laurent series expansion of the denominator of the integrand in (S12)
such that
where we have used the property of the W -function that W (z 0 )e W (z0) = z 0 [S13]. This gives
such that we can write the inverse Laplace transform of (S12) as
where we have defined
as given in the main text. We remark that the Lambert W -function dependence of the dynamics on the separation is a characteristic of timedelayed systems with self-consistent retarded backaction [S1] that has been studied in detail in control theory literature and in a variety of other physical problems ranging from instrument design [S9] to the AdS/CFT correspondence [S10] .
We also note that while the real part of γ (±) leads to non-Markovian effects in collective spontaneous emission, the imaginary part can similarly lead to delay-induced collective effects in the van der Waals shifts between the emitters [S11, S12]. 
The dynamics in this limit has been previously studied [S2-S4] , leading to the atomic excitation amplitudes.
Taking the inverse Laplace transform in the above equation, we obtain
where the index j physically corresponds to the number of round trips of the photon wavepacket between the two emitters. The multiple reflections of the photon wavepacket modify the time evolution of the spontaneous decay, making it non-exponential, as given in [S2] . It is helpful to consider this physical picture and expansion in the large η limit, as it allows one to see how the wavepackets bounce between the atoms. However, the solution in terms of W -functions allows one to understand the collective dynamics of the emitters more effectively, allowing one to -(1) determine the critical separation η c up to which the emitters decay monotonically, as opposed to exhibiting oscillatory dynamics, (2) evaluate the instantaneous spontaneous emission rate for the atomic decay after the onset of collective dynamics, and (3) calculate the probabilities of atomic excitation in the steady state when a BIC state is formed.
